Abstract. An analytical version of the discrete-ordinates method (the ADO method) is used with recently established analytical expressions for the rigid-sphere scattering kernels in a study devoted to the flow of a binary gas mixture in a plane channel. In particular, concise and accurate solutions to basic flow problems in a plane channel driven by temperature, pressure, and concentration gradients and described by the linearized Boltzmann equation are established for the case of Maxwell boundary conditions for each of the two species. The velocity, heat-flow, and shear-stress profiles, as well as the mass-and heat-flow rates, are established for each species of particles, and numerical results are reported for two binary mixtures (Ne-Ar and He-Xe).
Introduction.
While the classical problems of Poiseuille flow and thermalcreep flow in a plane channel in the general field of rarefied gas dynamics [24, 3, 5, 4] have been extensively studied for the case of a single-species gas (see, for example, [1, 25, 20, 22, 21, 14, 17] and the references therein), there are relatively few works (for example, [23, 16, 13] ) devoted to these problems for gas mixtures. While [23] and [16] are based on the McCormack kinetic model [15] , the work of Kosuge et al. [13] is carried out in terms of the linearized Boltzmann equation (LBE). It can be noted that the paper by Siewert and Valougeorgis [23] reports (in terms of the McCormack model) concise and accurate solutions to the problems of channel flow driven by pressure, temperature, and concentration gradients. While the approach used in [16] , also based on the McCormack model, is purely numerical, that work does investigate flow in a two-dimensional channel. Most closely related to this work is [13] , where purely numerical methods are used to establish some results for channel-flow problems based on the LBE.
In this work, we develop and evaluate concise and accurate solutions for flow problems in a plane-parallel channel driven by pressure, temperature, and concentration gradients. We make use of an analytical discrete-ordinates method (ADO method, [2] ), and we use (in the LBE) explicit forms of the rigid-sphere collision kernels for binary gas mixtures [12, 6, 8] . The developed solutions depend (aside from some normalizations) only on the mass and diameter ratios and the relative equilibrium concentration of the two species of particles. We allow a free choice of the accommodation coefficients for each species at the confining surfaces of the channel. Our approach relies on a continuous treatment of both the space and speed variables that has proved to be particularly efficient and accurate for other classical problems for binary gas mixtures [7, 9, 10] .
Basic formulation.
The flow problems considered in this work are driven by a temperature gradient, a pressure gradient, or concentration gradients (or any linear combination of these effects), and so we base our linearizations of the particle distribution functions about local rather than absolute conditions, as was done in [9] , for example. We use x to measure distance in the direction (parallel to the confining walls of the plane-parallel channel) of the mentioned gradients, and so we write the local Maxwellians (for the two species of particles identified by the subscripts α = 1 and 2) as 
where R α and K T are considered to be given (small) constants, we can linearize (2.1) to obtain the approximations is the absolute Maxwellian distribution for n α particles of mass m α in equilibrium at temperature T 0 . Here k is the Boltzmann constant, and the f α (v) are to be determined. If we express the pressure distribution as
where p 0 = nkT 0 , n = n 1 + n 2 , and K P is a given (small) constant, then using the perfect gas law
where
we find, after neglecting second-order effects, (2.9)
where c α = n α /n, α = 1, 2. And so, making use of (2.9), we find that we can use
with K C = R 1 − R 2 , to complete (2.4). Using the variable z ∈ [−z 0 , z 0 ] to measure the transverse or cross-channel direction, we now write the true velocity distributions as
where the perturbations h α (z, λ 1/2 α v) are to be determined from a form of the LBE used in [12, 6, 8, 7, 10] that has an added inhomogeneous driving term due to the x variation in (2.11).
And so we proceed with an inhomogeneous form of the LBE, for a binary mixture of rigid spheres, written as
where ε 0 is, at this point, an arbitrary parameter that we will soon use to define a dimensionless spatial variable,
and (2.14)
Considering that the driving term in (2.12) is given by (2.14), we note that (i) the case of flow driven by a temperature gradient corresponds to K P = 0, K C = 0, and K T = 0, (ii) the case of flow driven by a pressure gradient corresponds to K T = 0, K C = 0, and K P = 0, and (iii) the case of flow driven by concentration gradients corresponds to K P = 0, K T = 0, and K C = 0. Furthermore, we note that in writing (2.12), we have introduced the variable changes
in order to work with the dimensionless velocity variable c. Continuing, we note that we use spherical coordinates {c, θ, φ}, with μ = cos θ, to describe the dimensionless velocity vector, so that
H(z, c) ⇔ H(z, c, μ, φ).
In our notation, cμ is the component of the (dimensionless) velocity vector in the positive z direction, and
is the component of velocity in the direction x (parallel to the confining surfaces) of the flow. In regard to the homogeneous version of (2.12), we note that all of the defining elements have been developed in a recent series of papers [12, 6, 8] . We consider that these works [12, 6, 8] can be consulted if a complete understanding of all of the required elements is desired. And so at this point we simply quote from our previous work [12, 6, 8] 
α (c) and (2.21)
We use σ α,β to denote the differential-scattering cross section, which (for the case of rigid-sphere scattering that is isotropic in the center-of-mass system) we write as [4] (2.24)
where d 1 and d 2 are the atomic diameters of the two types of gas particles. We continue to follow [12, 6, 8] and write
where 
We have used the definitions [12, 6, 8] In this work, we intend to compute the velocity, the shear-stress, and the heat-flow profiles which we express as
where the components of U (z), P (z), and Q(z) are the functions U α (z), P α (z), and Q α (z), for α = 1, 2, that can be used, as mentioned in Appendix A of [9] , to define the macroscopic quantities for a binary mixture. As in [9] , it is clear (for the specific flow problems considered here) that an expansion of H(z, c) in a Fourier series (in the angle φ) requires only one term-that is, one proportional to cos φ. And so we follow [8] and introduce the dimensionless spatial variable
, and write
where Ψ(τ, c, μ) is the (vector-valued) function to be determined. We now let z = τ /ε 0 in (2.38)-(2.40) and consider that
are the quantities to be computed. It should be noted that to avoid excessive notation, we have, in writing (2.44)-(2.46), followed the (often-used) procedure of not always introducing new labels for dependent quantities (in this case U , P , and Q) when the independent variable is changed. We can now use (2.43) in (2.12), multiply the resulting equation by cos φ, integrate over all φ, and use the Legendre expansion of the scattering kernel K(c : c) that was introduced in a previous work-see equations (26) and (65) 
In addition,
which we can express, in the notation of [8] , as
where P 1 n (x) is used to denote one of the normalized associated Legendre functions. More explicitly,
where P l (μ) is the Legendre polynomial. In addition,
,
We also can write
where now
and
In writing (2.53) and (2.55), we have used
In order to avoid too much repetition, we do not list here our expressions for the Legendre moments
since they are explicitly given in Appendix A of [8] . To complete (2.47), we note that the inhomogeneous driving term is
At the walls located at τ = −a and τ = a, we use a combination of specular and diffuse reflection, and so, in regard to (2.12), we write the boundary conditions as
for μ ∈ (0, 1] and all c and all φ. Here
where α 1 , α 2 , β 1 , and β 2 are the accommodation coefficients to be used for the two species of gas particles at the confining surfaces. Taking note of (2.43), we find from (2.59) the boundary conditions subject to which we must solve (2.47), that is,
for μ ∈ (0, 1] and all c. We use I to denote the 2 × 2 identity matrix.
Solutions.
Following our previous work as reported in [9, 11] , we express our solution (evaluated at the N pairs of discrete ordinates ±μ i ) of (2.47) in the form
We note that Ψ * (τ, c, μ) is defined in terms of two of the exact elementary solutions we reported in a previous work [8] , that is,
, and where B(c) is one of the generalized Chapman-Enskog (vector-valued) functions discussed in [8] . In addition, (3.4)
For our computations, we use the 2 × 2(K + 1) matrix
where K + 1 is the number of basis functions used to represent the speed dependence of the approximate part of our solution. We note that [9] can be consulted if a complete understanding of the eigenvalue spectrum {ν j } and the elementary solutions {Φ(ν j , ±μ i )} is desired. Since (2.47) has the inhomogeneous driving term Υ(c), we have included in (3.1) the particular solution
the elements of which were developed and reported in [11] . We repeat from [11] :
In [8] and [11] , we have defined and computed, for selected cases, the generalized Chapman-Enskog and Burnett (vector-valued) functions A (1) (c), A (2) (c), B(c), D(c), and E(c) that appear in (3.7)-(3.9). In addition, the constant ε p is expressed in [11] as
We note that the components ε p,1 and ε p,2 of ε p have been evaluated (for several data sets) in [8] . Finally, to complete our discussion of (3.1), we note that the arbitrary constants {A j , B j } are to be determined from boundary conditions to be applied at τ = ±a. For this purpose, we substitute (3.1) into discrete-ordinates versions of (2.62), multiply the resulting equations by
where the superscript T is used to denote the transpose operation, and integrate over all c to define a system of 2J linear algebraic equations for the 2J unspecified constants. We note that only the right-hand-side vector of such system is problemdependent.
Quantities of interest.
Considering that we have solved the system of linear algebraic equations to establish the arbitrary constants {A j , B j }, we can use (3.1) to find our final expressions for the quantities of interest here, that is, the velocity, heatflow, and shear-stress profiles. And so, using (3.1) in discrete-ordinates versions of (2.44)-(2.46), we find
In writing (4.1), we have used the definitions
where In (4.3), we use the weights {w k }, along with the nodes {μ k }, to complete the definition of our N -point, half-range quadrature scheme. Finally, to complete (4.1), we must compute
Using (3.6)-(3.9), we find
and (4.10)
Since the expressions listed as (4.1a), (4.1b), (4.8), and (4.9) are analytical and continuous in the space variable, we can immediately find results for the normalized mass-and heat-flow rates
where the factor 1/(2a 2 ) is included in order to be consistent with definitions adopted in other works and to facilitate comparisons with numerical results reported in these works. We find (4.14) 
Q ]K C }.
As our solutions are now complete, we are ready for some numerical results.
Numerical results.
The sample cases for which we report numerical results in this work are defined in terms of two binary mixtures: Ne-Ar and He-Xe. We note that only the mass ratio m 1 /m 2 , the diameter ratio d 1 /d 2 , and the density ratio n 1 /n 2 are needed to define the LBE for rigid-sphere interactions, and so we use the basic data: for the He-Xe mixture. It should be noted here that the values of the masses of these gas species were taken from [23] and those of the diameter ratios from [19] .
We report in Tables 1-12 the velocity, heat-flow, and shear-stress profiles computed for the three considered problems of pressure-driven, temperature-driven, and concentration-driven flow, using as additional input data the accommodation coefficients α 1 = 0.2, α 2 = 0.4, β 1 = 0.6, and β 2 = 0.8 and two different values of the channel width (2a = 0.1 and 1.0). The numerical results reported in Tables 1-12 are thought to be correct to within ±1 in the last reported digit and were obtained by increasing the values of the approximation parameters {L, M, K, N, K s } of our method in steps, until numerical convergence was observed. Here L is the kernel truncation parameter (the maximum value of n considered in the summation of (2.50)), M is the order of the Gaussian quadrature used to evaluate numerically integrals over the Table 2 Pressure-driven flow: species-specific velocity, heat-flow, and shear-stress profiles for the He-Xe mixture with 2a = 0.1, α 1 = 0.2, α 2 = 0.4, β 1 = 0.6, β 2 = 0.8, and n 1 /n 2 = 2/3. η −U 1 (−a + 2ηa) −U 2 (−a + 2ηa) Q 1 (−a + 2ηa) Q 2 (−a + 2ηa) P 1 (−a + 2ηa) P 2 (−a + 2ηa) speed variable, K is the order of the basis-function approximation introduced in (3.4) and (3.5) to take care of the speed dependence of the solution, N is the number of discrete ordinates used to represent the μ variable in (0, 1), and K s is the number η U 1 (−a + 2ηa) U 2 (−a + 2ηa) −Q 1 (−a + 2ηa) −Q 2 (−a + 2ηa) −P 1 (−a + 2ηa) −P 2 (−a + 2ηa) Table 8 Temperature-driven flow: species-specific velocity, heat-flow, and shear-stress profiles for the He-Xe mixture with 2a = 1.0, α 1 = 0.2, α 2 = 0.4, β 1 = 0.6, β 2 = 0.8, and n 1 /n 2 = 2/3. η U 1 (−a + 2ηa) U 2 (−a + 2ηa) −Q 1 (−a + 2ηa) −Q 2 (−a + 2ηa) P 1 (−a + 2ηa) −P 2 (−a + 2ηa) rates, as defined by (4.14)-(4.17), for several values of the channel width. We note that the composition and the wall interaction data used to generate Tables 13-15 were  the same as those used for Tables 1-12 , and that the numerical results for the flow rates are also thought to be correct to within ±1 in the last reported digit.
While an implementation of our solutions for the three considered problems requires, in general, some hours of computer time to establish the high-quality results we are reporting in our tables, solutions good enough for graphical presentation require very modest computational expense. To have an idea of the CPU time for what we might consider "practical results," we found, for example, that all of the He-Xe results given in Tables 1-15 could be obtained with essentially three figures of accuracy in less than one minute on an Apple MacBook running at 2 GHz.
Finally, we note that we have (for the three considered problems) compared numerical results from our approach based on the LBE for binary mixtures with those of the McCormack model, as developed and implemented in [23] . Due to different ways of the defining the dimensionless space variables in [23] and in this work, we have used the relationship where ξ M is the conversion factor defined by equation (7.19) of [9] , to relate the channel half-width a used in this work with the a M used in [23] . For the massand heat-flow rates, this is the only conversion that is required; for the profiles, in addition to the channel half-width conversion, the LBE results must be divided by ξ M , in order to be properly compared to the results of [23] . Thus, concerning the mass- 6. Onsager relationships. In [23] , Siewert and Valougeorgis established three independent (generalized) Onsager relationships relevant to the flow of binary gas mixtures in a plane-parallel channel driven by pressure, temperature, and concentration gradients. While the derivations reported in [23] were based on the McCormack kinetic model [15] , little work is required to establish those same relationships [23] for the LBE (for rigid-sphere interactions) used in this work. For that purpose, we follow here a procedure described in detail for half-space flow problems in [9] . However, before starting our derivation, we should mention that, to denote the solutions and the driving terms of two different problems (among the three that can be defined by considering separately pressure, temperature, and concentration gradients), we attach subscripts X and Y to Ψ(τ, c, μ) and to Υ(c).
In short, using the fact that the kernel defined by (2.25) is such that and a 1,2 is given by (2.23), we can multiply (2.47) with μ changed to −μ and subscript Y added to Ψ(τ, c, μ) and Υ(c) by
multiply (2.47) with subscript X added to Ψ(τ, c, μ) and Υ(c) by
subtract the resulting equations, one from the other, and integrate the result of this operation over all μ, over all c, and over τ from −a to a to find, after using (2.62),
Taking all possible combinations of X and Y (with the restriction that X = Y ) when these subscripts are set equal to P , T , and C in (6.3) and using the forms of the driving terms appropriate to each problem, we find the relationships
where we have added subscripts P , T , C to the quantities defined by (4.14) and (4.15) as tags for the problems driven, respectively, by pressure, temperature, and concentration gradients. As a (minor) test of our computations, we have confirmed the three identities listed as (6.4) for the data sets used to define the numerical results reported in this work. Moreover, since Kosuge et al. [13] have tabulated numerical results related to our (6.4), we include in Table 16 our numerical results for the quantities used in [13] to express the (generalized) Onsager relationships. We note that the results listed in Table 16 are relevant to the special case [13] of strictly diffuse reflection at both walls, equal-diameter particles, mass ratio m 2 /m 1 = 2, and density ratio n 2 /n 1 = 1 at equilibrium. In order to compare with [13] , we used the channel half-width
where k is the Knudsen number used in [13] , and the following expressions (valid for Table 16 The quantities Λ XY , X = Y , X, Y = P, T, C as defined in [13] for various values of k with K P , K T , and K C set equal to ε 0 ) for the quantities defined in [13] :
Note that subscript D is used in [13] with the same meaning as subscript C in this work (i.e., a tag for the concentration-driven problem). To be clear, we have listed identical results in various columns of Table 16 in order to emphasize that all quantities were computed as defined. Finally, we note that we have also confirmed that
where the second term on the right-hand side should not be taken into account for the cases of temperature and concentration gradients, is a (problem-dependent) constant.
Concluding remarks.
We have reported in this work what we believe to be a compact, fast, and accurate method of solving channel-flow problems driven by pressure, temperature, and concentration gradients and described by the (vector) LBE for a binary mixture of rigid spheres. Accurate numerical results were given for the velocity, heat-flow, and shear-stress profiles, as well as for the mass-and heat-flow rates, for selected cases based on Ne-Ar and He-Xe mixtures.
Table 17
Refined results for Tables 10, 11 , and 12 of [21] in the notation of [21] . In addition to the comparisons with the numerical results of the McCormack model that are discussed in section 5, we have also performed comparisons with the single-gas LBE results of [21] , using three different ways of achieving the single-gas limit in our formulation: We note that to convert our results to the same spatial units used in [21] we made use of the factor ξ S,p = 0.449027806 . . . , which (for a single-species case) is the ratio between our dimensionless spatial variable, as defined by (2.41) and (2.42), and that used in [21] for channel-flow problems. Doing this, we found good but not perfect agreement with the five-figure results for the massand heat-flow rates and for the velocity and heat-flow profiles that are tabulated in [21] . In regard to the flow rates, while we found at most a difference of one unit in the fifth digit listed in Table 10 of [21] , where the accommodation coefficients are taken to be equal to 0.1, we did find a maximum difference of 7 units in the fifth digit listed in Table 11 of [21] (case with accommodation coefficients equal to 0.5) and a maximum difference of 4 units in the fourth digit listed in Table 12 of [21] (case with accommodation coefficients equal to 1.0). The largest differences always occurred for the smallest channel width considered in Tables 10-12 of [21] . For the velocity and heat-flow profiles listed in Tables 13 and 14 of [21] , we have observed, respectively, maximum differences of 5 and 3 units in the fifth digit listed in these tables. The maximum differences for the profiles were found to always occur at the channel walls. We have confirmed that the loss of accuracy in Tables 10-14 of [21] was due to using L = 8 in those computations, and so we list in Tables 17-19 our improved results (based on L = 30) for the cases studied in Tables 10-14 of [21] .
Finally, we should like to mention that, considering the large deviations between the numerical results from the LBE and those from the McCormack model that were observed in this and other [9, 10] works, we are of the opinion that the McCormack model has a limited value as an economical alternative to the LBE for gas mixtures.
Table 18
Refined results for Table 13 of [21] in the notation of [21] . α = 0.1 α = 0.5 α = 1.0 τ /a −u P (τ ) q P (τ ) −u P (τ ) q P (τ ) −u P (τ ) q P (τ ) Table 14 of [21] in the notation of [21] .
